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$g(x)$ ( ) $x$
$K(x)$ $L(x)$ :
$M(x)=K(x)+iL(x)=e^{ix}g(X)$ . (1.1)
$f(x)$ Sidi [31] $\mathrm{W}^{\tau}-$
( $\mathrm{t}\prime \mathrm{V}$- ) Hasegawa and Torii [10]
$Q( \omega)=\int_{a}^{\infty}K(\omega t)f(t)dt=\Re\int_{a}^{\infty}\mathrm{i}l\prime I(\omega t)f(t)dt=\Re\int_{a}^{\infty}e^{i\omega t}g(\omega t)f(t)d\theta$, (1.2)
$K(x)=J_{\nu}(x)$ $L(x)=Y_{\nu}(x)$
Luke [20, p.322]
$J_{\nu}(x)=( \frac{x}{8})^{\nu}\sum_{n=0}^{\infty}a_{n}^{(\nu)}T_{2n}(X/8)$ , $|x|\leq 8$ , $\nu=0,1$ ,
$J_{\nu}(x)+iY( \nu x)=e^{ix}\frac{(-1)^{\nu}-i}{\sqrt{\pi x}}\sum_{71=0}^{\infty}c_{n}^{(\nu)}T_{n}^{*}(5/x.)$ $x\geq 5$ , $\nu=0,1$ ,
$T_{k}(x)$ $T_{k}^{*}(x)$ $k$ shifted
(20 )
( )
(Longman $[17, 18]$ , Gray and Atchison [9], Levin and Sidi [15], Sidi
[28, 29, 30, 31], Piessens and Haegemans [27], Toda and Ono [33], Sugihara [32], Ooura
and Mori [23], Espelid and Overholt [5] $)$ - (
) Linz [16], Piessens and Branders $[24, 25]$ , Anderson
[1], Lund [21], Lyness and Hines [22], Sidi [28]
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2(1.2) $[a, \infty)$ [ $a,,$ $c/\omega)$ $[c/\omega, \infty)$ ( $c=5$ )
$Q(\omega)$ $=$ $Q_{1}(\omega)+Q_{2}(\omega)$ , (2.1a)
$Q_{1}(\omega)=\{$
$\int_{a}^{c/\omega_{K}}(\omega t)f(t)c\iota t$ if $a<c/\omega$ ,
$0$ if $a\geq c/\omega$ ,
(2.1b)
$Q_{2}( \omega)=\Re\int_{d}^{\infty}M(\omega t)f(t)_{Cl}t$ , $d=1\mathrm{n}\mathrm{a}\mathrm{x}(a, c/\omega)$ . (2.1c)
2.1 $Q_{1}(\omega)$
$a<c/\omega$ $I\{’(\omega t)f(t)$ $[a, c/\omega]$
( $\mathrm{C}\mathrm{C}$ ) (FFT) $Q_{1}(\omega)$ [14]
$\omega$ $[a, c/\omega]$ - $Q_{1}(\omega)$
$\mathrm{C}\mathrm{C}$
2.2 $Q_{2}(\omega)$
(1.1) (2.1c) : $Q_{2}( \omega)=\Re\int_{d\mathit{9}}^{\infty it}e(\omega t\omega)f(t)(lt$ .
Sidi $\mathrm{W}$ [31] $d$ $\sin\omega t$
$x_{0}= \frac{\pi}{\omega}(\lfloor\frac{\omega d}{\pi}\rfloor+1)$ $l$ $x_{l}=x_{0}+l\pi/\omega,$ $(l=1,2, \ldots)$
$F(x_{l})$ (3 ):
$F(x_{l})= \int_{d}^{x_{l}}e^{it}g(\omega t)\omega f(t)dt$ , $l=0,1,2,$ $\ldots$ . (2.2)
$\lim_{larrow\infty^{F(x)}}\iota$ $\mathrm{T}\prime V_{n}^{(j)}$
$F(x_{\iota})=W_{n}^{(j)}+ \psi(X\iota)\sum_{i=0}^{n}\beta i/X_{l}^{i}$ , $j\leq l\leq j+r\iota+1$ , (2.3)
$\psi(x\iota)=\int_{x}^{x_{l+1}},e^{i\omega t}g(\omega t)f(t)dt=F(x_{l+1})-F(Xl)$ , $l=0,1,$ $\ldots$ , (2.4)
$\beta_{i}$ (2.4) $F(x_{-1})=0$
(2.3) $\mathrm{W}^{\gamma}$. [30]
$\bullet$ set $M_{-1}^{(S)}=F(x_{s})/\psi(x_{S})$ , and $N_{-1}^{(s)}=1/\psi(X_{S})$ , $s=0,1,$ $\ldots$ ,




and set $W_{p}^{(s)}=M_{p}^{(_{S}}$ ) $/N_{p}^{(_{S}}$ ).
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$j$ $\{\mathrm{T}\prime V_{r}(jl)\}^{\infty}n=0$ $|/V_{p}^{(}\text{ }$ , $j+p=n$
$l\prime \mathrm{f}_{n}^{\gamma(0}/$
) 0) $|l/V_{n+}^{()}1^{-}\iota/V(1))|0n$
$Q_{2}(\omega)$ \Re L\eta 0)
(2.4) $\psi(.x_{j})$ ( )
3 $\psi(x_{j})$
$f(t)$ ( $\mathrm{t}^{/j}(x_{S}+1),$ $\ldots,$ $’\psi(X_{s}+’.)$




$m>0$ $\mu\geq 0$ $s=m+l^{rr}$. $F(x_{s+}\iota)$ $[d, x_{S+}l]$
$(0<l\leq r)$ $\mu,$ $+1$ $I\{_{q}^{r}(q=-1,0,1, . .\iota , \mu)$ $(x_{s}, x_{S+}\iota]$ :
$[d, x_{S+}l]=( \bigcup_{q=-1}^{\mu}-1K_{q)}\cup(_{X_{S},X_{S}}.+l$] $\text{ }$ $I\mathrm{c}_{-1}’=[d, x_{m}],$ $I\{_{q}’=(.X_{m+r},X_{m}+\Gamma+]q\cdot qr(q=$
$0,1,$ $\ldots)$ $m$ $r$ $1\leq l\leq$
$F(x_{S+} \iota)=\sum_{q^{=-}1}^{\mu-}F1(I\mathfrak{i}_{q}’)+\int_{x_{s}}^{x_{S+}}l\omega ei\omega t\mathit{9}(t)f(t)$ ($]t$ , $s=m+l^{xr}$ , $l^{\lambda}=0,1,$ $\ldots$ , (3.1)
$F(K_{q})$ $F( \mathrm{A}_{q}^{r})=Jt\in h_{q}^{\prime e^{i\omega t}g()}\omega tf(t)dt=\int_{x_{m+q}}x_{m}+q’+ri\omega Teg(t\omega t)f(t)dt$
$\int_{\alpha}^{x}\nu_{{}^{t}g(}\omega t$ ) $f(t)dt$ $(\alpha\leq x\leq/\mathit{3})$ $[10, 12]$
- $c,\rho$ : $[\alpha, \beta(]arrow$ [-1, 1] $\emptyset(t)=(2t-\beta-\alpha)/(\beta-\alpha)$
$g(\omega t)f(t)$ $P_{N}(t)$ :
$P_{f} \mathrm{V}(t)=p_{N}(\phi(t))\equiv\sum_{k=0}^{N}\prime T\mathrm{c}l_{k}^{N}k(\phi(t))$, $c\iota\leq t\leq\beta$ , (3.2)
$\mathrm{T}\prime V=((\beta-\alpha)/2_{\text{ }}T=(\beta+c\nu)/2$
$\int_{\alpha}^{x}egi\omega t(\omega t)f(t)dt\sim\int_{\alpha}^{x}e^{i\omega t}P_{N}(t)clt=l/V\exp(i\omega T)I(\omega W, \emptyset(X);pN)$. (3.3)
$I(\omega, x;p)$ :
$I( \omega, x;p)=\int_{-1}^{x}e^{i\omega t}p(t)\mathrm{c}lt$ , $-1\leq x\leq$ .
$1$ . (3.4)
$f(t)$ $[\alpha, \beta]$ $r$
$N$ $.(.3.2)$
$r,\text{ _{ } }$ ( )
$Q_{2}(\omega)(2.1\mathrm{C})$ $\epsilon_{2}$
$\mathrm{W}$




(3.3) (3.4) $I(\omega, x;p)$ ( $p(t)$ (3.2) $p_{N}(t)$
) $H(x)$ :
$I( \omega, x;pN)\equiv\int_{-1}^{x}e^{i\omega t}p_{\mathit{1}\mathrm{V}}(t)dt=\frac{e^{i\omega x}H(_{X)}}{i\omega}$ , $-1\leq x$. $\leq 1$ . (3.5)
(3.5) $x$ $\underline{1}dH(x)/dx+H(x)=p_{N}(X)\text{ }$ $-1$ $x$
$i\omega$
$\frac{H(x)-H(-1)}{i\omega}+\int_{-1}^{x_{H}}(t)dt=\int_{-1}^{x}p_{N}(\theta)dt$ . (3.6)




$1\leq k$ . (3.7)
$a_{k}^{N}\equiv 0(k>N)$ $\Sigma_{k=0}^{N}/(-1)^{k}bk=$
$0$ ((3.5) $H(-1)=0$ ) 3 (3.7)
(nondominant solution) [6, 19, 2]
Hasegawa and Torii [13]
4 FFT
(3.2) $\{p_{N}\}$ FFT [14]
$Q_{2}(\omega)(2.1\mathrm{C})$ $\mathrm{C}\mathrm{C}$ [3]




gawa et $.\mathrm{a}1.[14]$ $N$ $2^{n}$ $3\cross 2^{n}$ 5 $\mathrm{x}2^{n}$
$N$ 2 $N=2^{n}(n=2,3, \ldots)$ 5
$\{PN,P5N/4,p3N/2\},$ $N=2^{n},$ $r\iota=2,3,$ $\ldots$ ,
$w_{N\dagger 1}(t)$ $t_{j}^{N}=\cos(\pi j/\mathit{1}\mathrm{V})$
$(0\leq j\leq N)$ :
$w_{N+1}(t)=\tau_{N+1}(t)-TN-1(t)=2(t^{2}-1)U_{N-1}(t)$ . (4.1)
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$U_{f\mathrm{v}_{-}1}(t)$ 2 TfV-l $(f,)=\sin(N\theta)/\sin\theta,$ $f_{\ovalbox{\tt\small REJECT}}=\cos\theta$
$p_{N}(f_{\ovalbox{\tt\small REJECT}})$ $t_{j}^{\mathrm{A}}\prime \mathrm{v}$ $f(t)$ $p_{N}(t)$ :
$a_{k}^{N}= \frac{2}{N}\sum_{j=0}^{\mathit{1}\backslash r}$
”
$f(\cos\pi j/l\mathrm{V})\cos(\pi k_{!}j/N)$ , $0\leq k\leq N$ . (4.2)
(4.2) FFT [7]
$\sigma=2,4$ $\{v_{j}^{\Lambda^{r}/\sigma}\}(0\leq j<\mathit{1}\mathrm{V}/\sigma)$ $T_{N}(t)$
$\tau_{N/\sigma}(t)-\cos 3\pi/(2\sigma)$ $l\mathrm{V}/\sigma$ – $?v_{N+1}(t)$
(4.1) $v_{j}^{\mathit{4}\mathrm{v}/\sigma},$ $0\leq j<l\mathrm{V}/\sigma(\sigma=2,4)$ $f(t)$ $p_{N+N/\sigma}(t)$
$(\sigma=2,4)$ :
$p_{\mathit{4}\backslash ^{r}+\Lambda^{r}}/ \sigma(t)-pN(t)=-W_{l\mathrm{V}+1}(t)\mathrm{A}’\sum_{k=1}^{\sigma}/B_{k}^{N/\sigma}U_{k-1}(t)=\sum_{k=1}^{N/\sigma}B^{N}/\sigma\{k\tau N-k(t)-\tau_{N+k}(t)\}$ . $(4.3)$
$\{B_{k}^{N/\sigma}\}$
$f(v_{j})\sigma p=N+N/\sigma(N/N/\sigma v_{j})$ , $0\leq j<N/\sigma$ , $\sigma=2,4$ .
$B_{k}^{N/\sigma}$ FFT $b^{J_{5N}}/4(t)-p_{N}(t)$ $N/4$
$\{v_{j}^{N/4}\}(0\leq j<N/4)$ $p_{3N/2}(t)-p_{N}(t)$ $N/2$
$\{v_{j}^{N/2}\}(0\leq j<f\backslash ^{\gamma}/2)$ $P2\mathit{4}\mathrm{v}(t)-p_{N}(t)$ $N$
$T_{N}(t)(=w_{2N+1}(t)/\{2w_{N1}+(t)\})$
FFT $\{p_{3m},P4m’ \mathit{1}J_{5m}\}(rr\iota=2^{n}, n=1,2, \ldots)$
[14]
5
$I(\omega, x, f)(3.4)$ $I(\omega, X;p_{N}+mN/4)(\gamma n=0,1,2)_{\text{ }}$ $PN+mN/4(t)$
$(m=0,1,2)$ (3.2) (4.3)
$z=x+iy$ $(-1,0)$ $(1, 0)_{\text{ }}$
$a=(\rho+\rho^{-1})/2$ $b=(\rho-p^{-1})/2$
$\epsilon_{\rho}$ $/$) $>1$
$f(z)$ $\epsilon_{\rho}$ – $p_{N}(t)$
[4], $[11]_{\text{ }}$
$f(t)-p_{N}(t)= \frac{1}{2\pi i}\oint_{\Xi_{\rho}}\frac{w_{N+1}(l)f(Z)d_{\mathcal{Z}}}{(z-t)w_{N+}1(Z)}=w_{N+1}(t)\sum k=0\infty\prime VN(kf)\tau k(t)$ . (5.1)
$V_{k}^{N}(f)$





(3.4) (5.1) $I(\omega, x;pN)$
$I( \omega, x;f)-I(\omega, X;PN)=I(\omega, x;f-p_{N})=\sum_{k}\infty=0\prime V_{k}^{N}(f)\Omega_{k}^{N}(x)$, (5.4)
$\Omega_{k}^{N}(x)$ $|x|\leq 1$ $N,$ $k,$ $\omega$ $x$ $|\Omega_{k}^{N}(x)|\leq$
$4$
$f(z)$ $\epsilon_{\rho}$ $M$ $z_{m}(m=1,2, \ldots, M)$ $\mathrm{R}\mathrm{e}\mathrm{s}f(z_{m})$
(5.2)
$V_{k}^{N}(f)= \frac{1}{\pi^{2}i}\oint_{E}\frac{\tilde{U}_{k}(z)f(Z)\prime rz}{w_{N+1}(_{Z)}}=\frac{2}{\pi}\sum_{m=1}^{M}\mathrm{R}\mathrm{e}\mathrm{s}f(z_{m})\tilde{U}_{k}(z_{m})/w_{N}+1(z_{m})$ , $k\geq 0$ , (5.5)
$E$ $\pm 1$ $z_{m}(m=1,2, \ldots, M)$ $E$ $f(z)$
$z=(u+u^{-1})/2\not\in[-1,1]\text{ }$
$|u|>1_{\text{ }}$ $T_{k}(z)=(u^{k}+u^{-k})/2$ (4.1) $w_{N+1}(z)=$
$\sqrt{z^{2}-1}(u^{NN}-u^{-})$ (5.3) : $\overline{U}_{k}(z)/w_{N+1}(z)=\pi/\{(z^{2}-$
$1)u^{k}(u^{N}-u^{-N})\}\circ$ (5.5) $z_{j^{\text{ }}}$ $|z_{j}+ \sqrt{z_{j}^{2}-1}|=\min_{1\leq}\prime n\leq J\nu I$
$|z_{m}+\sqrt{z_{m}^{2}-1}|\equiv r>1_{\text{ }}$
$z_{\dot{J}}$ –
$+$ $N$ $V_{k}^{N}(f)\sim V_{0}^{N}(f)u_{j}^{-k}\text{ }$ $u_{j}--z_{j}+\sqrt{z_{j}^{2}-1}$
(5.4) :
$|I( \omega, x;f-p_{N})|\leq 4\sum_{k=0}^{\infty}$
’
$|V_{k}^{N}(f)| \sim 4|V_{0}^{N}(f)|\sum^{\infty}’-rk4k=0=|V_{0}^{N}(f)|\frac{r+1}{2(r-1)}$ . (5.6)
$|V_{0}^{N}(f)|$ $p_{f}\mathrm{v}(t)$ $a_{k}^{N}$. Elliott [4]
: $a_{k}^{N}=2/( \pi i)\oint\epsilon_{\rho}\tau N-k(Z)f(Z)/w_{\mathit{1}\mathrm{v}+1}(z)dZ(0\leq k\leq N)_{0}$
(5.5) $z_{m}$ [-1, 1]
$|V_{0}^{N}|\sim|a_{N}^{N}|r/(r^{2}-1)$ $|a_{k}^{N}|\sim r|a_{k+1}^{N}|$ (5.6)
$|I(\omega, x;f-pN)|$ $R_{N}$ ( $\{a_{k}^{N}\}$ [14])
$R_{N}=4(|a_{N}^{N}|/2)r/(r-1)^{2}$ . (5.7)
$I(\omega, x\cdot;p_{N+/\sigma}N)(\sigma=2,4)$ $R_{N+N/\sigma}$
$R_{N+N/\sigma}=8(1+|\cos 3\pi/(2\sigma)|)|B_{N/\sigma}^{N/\sigma}|r/(r-1)^{2}$ . (5.8)
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(5.7) (5.8) $\omega$
$I( \mathrm{O}, 1.f’)=\int_{-1}^{1}fC^{tt})dt$ $I(\mathrm{O}, 1\backslash ,p_{N+n}\prime N)(rn=0,1,2)$
(5.7) (5.8) (5.7) (5.8) $Q(\omega)$
6
(2.1) $Q(\omega)$ 2 $[a, c/\omega]$ $Q_{1}(\omega)$ $[c/\omega, \infty)$ $Q_{2}(\omega)_{\text{ }}$
$\epsilon_{1}$ $\epsilon_{2}$ $Q(\omega)$
$\epsilon=\epsilon_{1}+\epsilon_{2}$ $Q_{1}(\omega)$
$Q_{2}(\omega)$ $\epsilon_{1}$ $\epsilon_{2}$ $\epsilon_{1}=$
$\epsilon/20$ $\epsilon_{2}=19\epsilon/20$














$J_{0}(\omega x)$ $J_{1}(\omega x)$ $[8, \mathrm{p}.682_{\mathrm{P}},.686,\mathrm{p}.712]$
$a$ 2 $\omega$ 3
(A) $\int_{0}^{\infty}J_{0}(\omega x)x/(X^{2}+\mathrm{r}x^{2})^{1/2}dx=\exp(-a\omega)/\omega$ , $a=1,1/8$ ,
(B) $\int_{0}^{\infty}J_{0}(\omega x)\exp(-ax)d.X=1/(a^{2}+\omega^{2})^{1/2}$ , $a=1,4$ ,
(C) $\int_{0}^{\infty}J_{1}(\omega x)_{X}2/(X2+a^{2})^{3/2}(lX=\exp(-a\omega),$ $a=1,1/8$ ,
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1: $\int_{0}^{\infty}J_{0}(\omega x)f(x)d.X$ $\int_{0}^{\infty}J_{1}(\omega x)f(X)dX$ $\epsilon_{a}=$
$\rceil\cap^{-6}$ $\rceil\cap^{-12}$ $\sim’-+\neqarrow$ \iota .\rightarrow ,I ‘ $/\backslash T\#.f\mathrm{i}$ $1^{arrow},$. - $.\mathrm{q}\mathrm{i}_{l}1\mathrm{i}$ $\mathrm{i}\mathrm{T}$ $\backslash 1^{\tau}$.
(D) $\int_{0}^{\infty}J_{1}(\omega x)X\exp(-ax)dX=\omega/(a^{2}+\omega^{2})^{3/2}$, $a=1,4$ .
1 $\epsilon_{a}=10^{-6},10^{-12}$
$[5/\omega, \infty)$ $\mathrm{W}$ $\psi(x\iota)(2.4)$





DQAGS, DQEXT $(\epsilon-\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{t}\mathrm{f}\mathrm{i}\mathrm{I}\mathrm{n})$ ZEROJN ( $J_{n}(x)$
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$l$, ) $10^{-12}$
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